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Session 3

Definite integrals
3.2.10 examine the area problem and use sums of the form Y; f (x;) x; to estimate the area under the curve y = f(x)

3.2.11 identify the definite integral fab f(x)dx as a limit of sums of the form };; f (x;) 8x;
3.2.12 interpret the definite integral f:f(x)dx as area under the curve y = f(x) if f(x) >0

3.2.13  interpret f:f(x)dx as a sum of signed areas
3.2.14  apply the additivity and linearity of definite integrals

Applications of integration

3.2.18 calculate total change by integrating instantaneous or marginal rate of change

3.2.19 calculate the area under a curve

3.2.20 calculate the area between curves

3.2.21 determine displacement given velocity in linear motion problems

3.2.22  determine positions given linear acceleration and initial values of position and velocity.

General discrete random variables

3.3.1 develop the concepts of a discrete random variable and its associated probability function, and their use in
modelling data

3.3.2 use relative frequencies obtained from data to obtain point estimates of probabilities associated with a discrete
random variable

333 identify uniform discrete random variables and use them to model random phenomena with equally likely
outcomes

3.34 examine simple examples of non-uniform discrete random variables

3.3.5 identify the mean or expected value of a discrete random variable as a measurement of centre, and evaluate it in
simple cases

3.3.6 identify the variance and standard deviation of a discrete random variable as measures of spread, and evaluate
them using technology

3.3.7 examine the effects of linear changes of scale and origin on the mean and the standard deviation

3.3.8 use discrete random variables and associated probabilities to solve practical problems

Bernoulli distributions

3.3.9 use a Bernoulli random variable as a model for two-outcome situations

3.3.10 identify contexts suitable for modelling by Bernoulli random variables

3.3.11 determine the mean p and variance p(1 — p)of the Bernoulli distribution with parameter p

3.3.12 use Bernoulli random variables and associated probabilities to model data and solve practical problems

Binomial distributions

3.3.13  examine the concept of Bernoulli trials and the concept of a binomial random variable as the number of
‘successes’ in n independent Bernoulli trials, with the same probability of success p in each trial

3.3.14 identify contexts suitable for modelling by binomial random variables

3.3.15 determine and use the probabilities

PX=x)= (;l) p*(1 — p)™* associated with the binomial distribution with parameters n and p; note the

mean np and variance np(1 — p) of a binomial distribution
3.3.16  use binomial distributions and associated probabilities to solve practical problems
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Area under a Curve

Worked Example 1 Calculator Free

The region R is defined as the region trapped between
the curvesy :x/;, y= 1+«/; and the lines
y=1andy=2. Calculate the area of region R.

e

Worked Example 2 Calculator Free

(a) Determine i(xcosx).
dx

(b) The shaded region in the accompanying diagram is

trapped between the curves y = x sin x, y = cos x and )

. T 21
the lines x = E and x = ? Calculate the area of

the shaded region.

PN
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Worked Example 3 Calculator Assumed

The diagram below shows the graph of y = f (x) for =10 < x £ 9. The graph consists of the
horizontal liney =—5 for-10 < x < 5, the line y = —x + 5 for =2 < x < 5 and the semicircle with
centre at (7, 5) and radius 2 for 5 < x < 9.

(a) Determine the value of j f(x)dx.
-10

(b) Determine the area of the region trapped between the curve, the x-axis and the
lines x=-10and x = 5.

9
(c) Determine the value of k if If(x) dx =45 where the constant -10 < k< 9.
k
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Area Functions

Worked Example 4 Calculator Assumed

X
A curve has equation given by y = f (x) = Isin(tz)dt forO<x<2.
0

(a) Use your calculator to complete the table below.

X 0 0.5 1 1.5 2

fx)

(b) Inthe axes provided, sketch the graph of y = sin(xz) for0<x<2.

y
14

-1+

(c) Use your graph in (b) to help you determine the x-coordinate of the turning point on

X
the graph of y = Isin(tz)dt for 0 < x < 2. Hence, determine the coordinates of
0

X
the turning point on the graph of y = Jsin(tz) dt for0<x<2.
0

© O.T. Lee 4



2022 PACES Mathematics Methods Units 3 & 4 Session 3

(d) Hence, or otherwise, on the axes provided below, sketch the graph of

X
y= Isin(tz)dt for 0 < x £ 2. Indicate clearly the stationary point on the curve.
0

—

05T

>
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Net Change

Worked Example 5 Calculator Assumed
The rate at which water evaporates, in litres per day, from a swimming pool is given by

av | — . - . o .
d—= 1+e~t where Vis the volume in litres and t is the time in days. Write down a
t

definite integral that, when evaluated, would give the volume of water lost from
evaporation between the 3" and 6" day. Use your calculator to evaluate this integral.

Worked Example 6 Calculator Free
The instantaneous rate with which the amount of liquid, "y
V litres, in a holding tank, changes with respect to time P

2
t minutes, is modelled by C;—\t/ =1-t . The sketch of M
N ik

dv . . . . .
e against t is shown in the accompanying diagram. _ 1 3 3

(@) Explain what happens at t = 1 minute.

(b) Find the amount of liquid in the tank after 2 minutes,
if initially there were 5 litres in the tank.
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Rectilinear Motion

differentiate differentiate
displacement velocity acceleration
D rsvsvsE—
° integrate integrate

b
e The net change in displacement in the intervala<t<bis jv dt.

a

e The total distance travelled in the interval a < t < b is the area of the region
trapped between the curve v = f (t), the lines t = g, t = b and the t-axis.

Where use of a CAS/graphic calculator is permitted,
b
Total distance travelled = .ﬂ v]dt.

a

Worked Example 7 Calculator Free

. . . .odx  _ . .
A particle P moves along a straight line. Its velocity, P ms %, t seconds after passing a fixed
t

point O, is given by % =kt + C, where k and C are constants. The change in displacement in

the first 4 seconds is 8 m. P reverses direction at t = 3 seconds. Find the values of k and C.
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Worked Example 8 Calculator Assumed

A particle P travels in a straight line. The point O is a fixed point on this line. P starts with an
initial displacement of ln\/f from O with an initial velocity of —1 cm/h. Its acceleration

1
after thours (0<t< 3 ), isgivenbyg= ———F cm/h2 .
4 cos? (t—nJ
4
1
(a) Use the result J. dx =tan x + C to determine the velocity of P at time t = ™ hours.
cos® x 4

(b) Determine the displacement of P at time t = % hours.

(c) Describe the motion of P in the time just before and just after t = % hours.

3
(d) Describe what happens to the displacement and velocity of Pas t — Tn hours.
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Worked Example 9 Calculator Assumed

-1
A particle is moving along a straight line. Its velocity v (in ms ) at x (metres),
is given by V' =24- 8x - 2 .

(a) Find all values of x for which the particle is at rest.

(b) Determine ﬂ
dx

. . dv . L
(c) Use the chain rule to determine d—, the acceleration of the particle in terms of x.
t

(d) Find the maximum speed of the particle.
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Worked Example 10 Calculator Assumed

-1
Penny is driving her car at 21 ms when she suddenly sees an object on the road directly
ahead. The instant she applies the brakes her car is 40 metres from the object. The

application of the brakes creates a constant deceleration of 5ms ? until she hits the object.
Let displacement, x(t), represent the distance travelled by the car from the moment the
brakes are applied. If the car does not skid and continues travelling in a straight line toward
the object, use the acceleration equation, a(t) = -5, and calculus methods to calculate the
speed (in km per hour) at which the car hits the object.
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Discrete Random Variables

e A Discrete Random Variable (DRV) is a function that assigns each outcome of a
statistical experiment a number.

e The probability distribution function for X, p(x), is a function that assigns each
number that X takes a probability value. This value is obtained by considering the
probability of occurrence of the equivalent event. The probability distribution for a
DRV, X details the probability of X assuming each value within its range.

e p(x) is a probability distribution function for a discrete random variable X if:
e p(x) >0 forall x in the range of X and Zp(x)= 1.

e For a discrete random variable X with probability distribution function p(x):

« The mean or expected value of X, u= E(X) = D [xxp(x)].
e The variance of X, GZ =Var(X) = Z[(x—u)z xp(x)} = E(XZ) - [E(X)]2 .
where E(Xz) = Z[xz x p(X)J

e The standard deviation of X = /Var(X) .

Worked Example 11 Calculator Assumed

Let X: No. of cars owned per family in a certain suburb. The probability distribution of X is
givenby P(X=x) =k (2+x)(5—-x)forx=0,1, 2, 3, 4.

(a) Find the value of k.

(b) Find p, the expected number of cars owned per family.

(c) Calculate o, the standard deviation associated with the mean for X.
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Worked Example 12 Calculator Assumed

A committee of five students is to be selected from a group of six female students and seven
male students. Define X: Number of female students in this committee.
(@) Find the probability distribution for X.

(b) Find the probability that there are at least as many females than males in the
committee.

(c) Find the expected number of females in the committee.

© O.T. Lee 12



2022 PACES Mathematics Methods Units 3 & 4 Session 3

Worked Example 13 Calculator Assumed

Box P has three balls numbered 1, 2, and 3 respectively while box Q 1) 2) 3)
has six balls numbered 1, 2, 3, 4, 5 and 6 respectively. s
e Allan draws two balls from box P with replacement and records A,
the sum of the numbers on the balls drawn.
e Ben draws one ball from box Q and notes B, the number on the ball drawn.

If A =B, then Allan pays Ben S2. If Ais less than B, the Allan pays Ben S5.
If A exceeds the B, the Ben pays Allan $5.

(a) Calculate the probability that Allan has to pay Ben $2.

(b) Calculate the amount of money Allan expects to receive.

© O.T. Lee 13



2022 PACES Mathematics Methods Units 3 & 4

Session 3

Worked Example 14 Calculator Assumed

The table below shows the probability of a person dying between age x and age x + 1 years.
For example, the probability of a 25 year old dying before he reaches the age of 26 is 0.0008.

Age x years Probability of dying during the year
25 0.00080
26 0.00082
27 0.00085
28 0.00088
29 0.00092

An insurance company sells life insurance coverage in multiples of $1 000 at an annual
cost of $25 per thousand dollars of coverage for persons aged between 25 and 29

inclusive.

For example, a 25 year old person who buys a life insurance coverage of $100 000 will
pay an annual premium of 100 x $25 = $2 500. If the insured person dies within the
year, his/her estate will receive the amount insured.

The insurance company has 200 clients aged 25 with coverage of $100 000 each, 400

clients aged 28 each with coverage $150 000 and 300 clients aged 29 each

with coverage $200 000.

Determine the expected returns for the company, showing clearly how you arrived at

your answer.
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Bernoulli Variables

e A Bernoulli Trial is a statistical experiment where the outcomes may be
grouped into a “success” category and a “failure” category.

e A Bernoulli variable assigns the “success” category the numerical value of 1
and the “failure” category the numerical value of 0.

e If Xis a Bernoulli variable with parameter p, (p is the probability of success) then:

ifx=1
e the probability distribution function of X is p(x)= P )
1-p ifx=0
e the mean for X, L=E(X)=p

the variance for X, 62 =p(1—p)=pqg here g=P(Failure)=1-p.
The Binomial Distribution

Let X: Number of successes in n independent Bernoulli Trials
where P(success) = p [constant for each trial]

e then, Xis called a Binomial Random Variable with parameters n and p.

e The probability distribution for X is given by:

n
P(X=r) = [r)pr(l—p)”_r wherer=0,1,2,3...,n

« The mean for X, E(X) = np and the variance for X, Var(X) = npqg.

Worked Example 15 Calculator Assumed

(a) 19% of workers in work-place bring their own lunch from home to work every work day.
A worker is randomly chosen from this work-place. Define X = 1 if the worker brings
lunch from home every work day and X = 0 otherwise. Find the expected value of X and
its associated standard deviation.

(b) A box contains 15 red balls and 5 green balls. A ball is drawn from the box, its colour
noted and it is not returned to the box. This process is repeated 10 times. Define X:
No. of red balls drawn in the 10 draws. Determine with reasons if X is a binomial
variable.
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Worked Example 16 Calculator Free

The diagram below shows the graphs of the probability distributions of several distributions.

Probability Probability

0.5+ 0.5+

Graph A Graph B

- 1 2 3 4 5 6 7 8 8 10

Probability
Probability

0.5+
0.5

Graph D

X

1 2 3 4 5 5] 7 8 9 10

Match the graphs with the probability distribution from the list below:

X1 ~ Binomial (n =10, p =0.3) X, ~ Binomial (n =10, p =0.5)
X3 ~ Binomial (n = 20, p = 0.5) X4 ~ Binomial (n =50, p = 0.1)
Xs ~ Binomial (n =10, p =0.8) X6 ~ Binomial (n =20, p=0.1)

Give clear reasons for your answer.
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Worked Example 17 Calculator Assumed

Only 5% of all applicants are successful in being admitted to a special army operations unit.

(@) Find the probability that in a batch of 50 applicants, no more than the expected number
of successful applicants are successful.

(b) In 20 batches of 50 applicants each, find the probability that at least 10 of these batches
each have no more successful applicants than the expected number within the batch.

(c) Atleast 3 applicants need to be chosen from a group of n applicants. Find the minimum
value of n if the probability of achieving this is to be at least 75%.
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Worked Example 18 Calculator Assumed

20% of clients of a hair dresser fail to turn up for their scheduled appointments. On a certain
day, 20 appointments were made to see the hair dresser.

(a) Find the probability that all 20 clients turn up for their respective appointments.

(b) Find the probability that at least 2 clients fail to turn up for their appointments.

(c) Find the probability that on two separate days with 20 appointments each,
at least 4 clients fail to turn up for their appointments.

(d) On any given day, the hair dresser has sufficient time to see 20 clients. To improve
efficiency, the hair dresser decides to make more than 20 appointments a day.
However, there must be a 90% chance that the hairdresser will have sufficient time to
attend to all the clients that turn up. Find the greatest number of appointments that
the hairdresser can make.
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Worked Example 19 Calculator Assumed

One hundred samples of ten drivers (between the ages of 17 and 25 years) each were
surveyed as to whether they had ever been booked for speeding. The accompanying table
shows the distribution of persons per sample who had been booked for speeding for the
hundred samples taken.

No. of persons
booked for 0 1 2 3 4 5 6 7 8 9 10
speeding
No. of samples 4 15 22 28 19 7 2 1 1 1 0
Expected
number of
samples

(a) Calculate the mean number of persons booked for speeding per sample.

Define X: Number of persons per sample who had been booked for speeding.
If X is a binomial variable, then X ~ B(10, p) where p is the probability that a driver has been
booked for speeding.

(b) Use your answer in (a) to calculate the value of p.

(c) Use your answer in (b) to complete the table given above. Hence, determine with
reasons if the data given may be modelled by a Binomial variable.

(d) An alternative method to calculate p would be to use the relative frequency for zero
drivers booked per sample. Use this method to calculate p.
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Worked Example 20 Calculator Assumed

1% of USB drives manufactured by a factory are defective. Several USB drives are selected
without replacement.
(@) Write mathematical expressions for the probabilities of each of the following events.
(i) 10 USB drives need to be picked before picking the first defective drive.
(i.e. the first defective USB drive is the 10th USB drive picked)

(ii)  There are exactly 2 defective USB drives in the first 10 USB drives picked.

(iii) The third defective USB drive is the 10th USB drive picked.

(iv) Two defective drives are among 5 USB drives picked from a selection that
contained 3 defective and 17 non-defective USB drives.

(b) Calculate the mean number of drives that need to be picked before picking the
first defective USB drive. State the accompanying standard deviation.
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